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Abstract

Let G = (V, E) be a non empty, finite, simple graph. A dominating set of a graph G
containing a minimum dominating set of G is called a y - endowed dominating set of G. If that
set is of cardinality k then it is called a k y — endowed dominating set. k - y,. enresdowed graph
is one in which every restrained dominating set of cardinality k contains a minimum
restrained dominating set. A unicyclic graph is a graph consisting of a single cycle. We
consider a unicyclic graph of the type , where a set of all vertices of any cycle is attached by a
path P,,t>2 . In this paper, the enresdowedness property for the unicyclic graphs with
exactly one path attached to set of all the vertices of any cycle is found.

Keywords : Enresdowed graphs, Unicyclic graphs.
1. INTRODUCTION

Let G = (V, E) be a non empty, finite, simple graph. A subset D of V(G) is called a
dominating set of G if for every v € V — D, there exists u € D such that u and v are adjacent.
The minimum cardinality of the dominating set is called the domination number and it is denoted
by y(G)[10]. The restrained dominating set of a graph is a dominating set in which every vertex
in V — D is adjacent to some other vertex in V — D. The minimum cardinality of the restrained
dominating set is called the restrained domination number and it is denoted by y.(G) [3]. A
graph is said to be k - y,. enresdowed graph if every restrained dominating set of cardinality k
contains a minimum restrained dominating set [9]. A graph is called unicyclic if it is connected
and contains exactly one cycle. A graph is unicyclic if and only if it is connected and has size
equal to its order [1]. A family of unicyclic graphs is widely studied by many authors in the
theory of domination.

Guo determined the graphs with the first ten maximum spectral radii among all the n-
vertex unicyclic graphs for n >17 [5]. Belardo et al. determined the maximum spectral radius of
unicyclic graphs with given girth [2] . Yu and Tian gave the first two spectral radii of unicyclic
graphs with a given matching number [11]. More results on the spectral radius of unicyclic
graphs can be found in [4,5,8].

Unicyclic graphs have applications in different research areas and domains. For example,
unicyclic graphs are often used in telecommunications. They allow end-users connected in the
same unicyclic component or graph to communicate using the two directions of the cycle. The
cycle ensures a certain level of survivability to link failure that occurs on the edges of this cycle
(commonly known as a “ring” in telecommunications). The traffic demands between nodes on
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the same cycle are then fully protected against failures while the other demands can be
disrupted.[7]

2. RESULTS ON TYPE -1 UNICYCLIC ENRESDOWED GRAPHS

Definition 2.1
Let k be a positive integer. A simple, finite, non trivial graph G = (V, E) is called a k -y,
enresdowed graph if every restrained dominating set of G of cardinality k contains a minimum
restrained dominating set y, of G.[9]
Definition 2.2
A unicyclic graph is a connected graph containing exactly one cycle.
Theorem 2.3
Let G be a unicyclic graph C,P;, for n >3, t > 2, where C,, n > 3 be the cycle in G
with the vertex set {v;},1<i < n and P, be a path of G with the vertex set {u;;,
Uiz, .vos Ujrgsevens Uimy }, 1 <1 <0, 1 <1; < m;, where the initial vertex uj;, 1<i <nof a
single path P, t > 2 is attached to every vertex v; of the cycle such that u;; = v;, then for any
CnPt )
(1) If P.=Py 4y, fort; = 1 and j = 0,3,6,.... and for C, , n = 3, then G is k - y_ enresdowed
forany k, where y. < k < n, exceptfork=n—1.
(2) If P.=P5 45, fort; = 1 and j = 0,3,6,.... and for C, , n = 3 then G is k - y_enresdowed
forany k, where y. < k < n, exceptfork=n-1.
(3) If P. =Py 4 1, forty =1 and for C,, n= 3, then
3(a) If the v, set contains the entire vertex set of C,, then G is k - y_enresdowed for any
k,where y + [ <k <n,foreven [ >0, exceptfork=n-1.
3(b) If the y_set contains some of the vertices of the cycle C,, then G is k - vy,
enresdowed for any k, where y_ < k < n, except fork=n - 1.
Proof
Given G =C,P, for n> 3, t > 2 is a unicyclic graph which consist of a cycle C,, n >3
and a path P, , t > 2. The vertex set of C,, is V(C,) = {v1, V2, V3, ..., Vib...,Vn 1, 1 <1 <nand
the vertex set of the path P. be V(P.) = {uy1, usz, Ugz,eeyUgp 5oy Upmy 5 Uzq s Ugz,
Uz3 ,.eess Upp, 5eees Upmy, 5 Uz 5 U3zz 5 U33 5 «oeey Uspg ooy Usmyg seeeee , Ui
Ujg,...... s Uirse oo Uimise- oo Ungy Unzy Upgs ooy Uppseee Upm }, 1 <1 <N, 1<r1; <m;. Thus
the vertex set of P, is the union of the vertex sets of the paths P, , P, ..., P, ....,P,, 1 <i <n
where the set of vertices {u;q, Uz, Uys,....., Ugp 5. .., Uy, } OF the path P is attached to the
vertex v; of C, , n > 3 such that the vertex v; = uyq, similarly the set of vertices {u,;, u,,,
Uz3,...., Upr,,...., Uzm, } OF the path P, is attached to the vertex v, of C,, n =3 such that the

vertex v, = u,; ,without loss of generality, consider the set of vertices
{ui1,Uiz,......Ujr;,- ..., Uiy, } are attached to the vertex v; of C,, n=3,1 <i <n such that the
vertex v; = Uuj;, 1<i<n . Similarly the set of vertices {uy;_1 , Upz—1, Upz_1

yeoeos Unp— 1,--.., Unm_— 1} are attached to the vertex v,,_; of C,, n = 3, such that the vertex v,_;
= up;-1. Finally the set of vertices {up;, upz, Ups,....,.Unr ..., Unm  yare attached to the vertex
vy, of C,,, n > 3 such that the vertex v, =u,;. Thus the vertex set of G is the union of the vertex
set of the path P, , t > 2 and the cycle C,, n = 3. Hence the following cases exists

Case (i) Consider any graph G; = C,P;, where C, , n > 3 be the cycle and P; , t > 2 be the path of
Gq. Let P, =Py 44, fort; =1 and j = 0,3,6,9,..., and then the set of all vertices {v;}, 1 <i <n
of the cycle C,, ,n > 3 is attached with the paths of the type P,, P, Ps,..... then there exists the
following subcases.
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Subcase (i)(a) Consider the graph G,; = C,P,, for n = 3. Without loss of generality, assume that
n = 3 for the cycle Cy, then the graph Gy, = C3P, is obtained. Let D, be the y_set of G,,. The
vertex set of the cycle Cs is {v;, v,, v3} and the path P, is {u;1, u;, U1, Uy, Usq, Uz, }, Where
the vertex v; = u,; is adjacent to u,, and the vertices v, = u,; and v5 = us3; Where the vertices
u,; and us, is adjacent to the vertices u,, and us,. By choosing the set of pendant vertices
{u12, uzy, us,} for the y_set Dy , the remaining vertices vy, v,, v; of the cycle C; is dominated
and they are adjacent in V — D;. Thus the set D; = {u;,, u,,, uz,} forms the minimum restrained
dominating set of G with cardinality k, =y . Hence Gy, is kq - y_ enresdowed for any k; =v,.
Consider any set D, of cardinality k, =y_+1, then D, =D, U {v;},1 <i < 3, where D, forms
a restrained dominating set of cardinality y_+1, and it contains the y_set D,. Hence Gy is k; -y,
enresdowed. Similarly consider a set D5 of cardinality k3 =y_+2=n-1.Thus Gy, isnot ks -y,
enresdowed. Finally consider the set D, of cardinality k, =y_+3 =n, where D, =D; U {vy, v,
vz} form the restrained dominating set with cardinality k, = n. Thus Gy is k, -y, enresdowed
for any k4 = n. In this case G; = C,P,, for n = 3 is k - y_enresdowed for any k, where y_ < k <
n exceptfork=n-1.
Subcase (i)(b) Consider the graph G;, = C,Ps, for n > 3. Without loss of generality, assume that
n = 4 for the cycle C,, then the graph G;, = C,Ps is obtained. The vertex set of the cycle C, is
{v1, V2, v3, v4} and the path Ps is {uyq, Uy, Uiz, Ugs, Ugs, Uz, Upz, Upz, Ugg, Ups , Usg, Usg,
U3z, Usg, Ugs, Ugg, Ugp, Ugg, Ugg, Uygs}, Where the set of vertices {uy, , Upr,, Ugp, Ugr, },1 <
rq, 15,3, T4, s < 5 forms the vertex set of paths which is adjacent to the set of vertices {vy, v,,
v3, V4 }. Choose the set of pendant vertices {u;s, u,s, uss, uss} for the y_set Dg then the vertices
{u14, Uy, Uss, Uy, } are dominated, similarly choose the set of vertices {u;,, u,,, Us,, Uy, } for
the vy, set Ds , then the set of vertices {u;3, Uz3, U3, Uz} and {uyq, Uy, Uzq, Uy} are
dominated. Thus the set Ds = {u;s, Uys, Uszs, Uys, U, Uy, Ugy, Ugy b aNd V — Dg = {uy4, Uyy,
U3y, Ugyg, U3, Uys, Uss, Ugg, Ugq, Upq, Usg, Ugq p fOrms a minimum restrained dominating set of
Gy, of cardinality ks =y _. Hence Gy, is ks - v, enresdowed for any ks =1y, . Similarly consider
the set D¢ of cardinality ke =y, +1, where there exists two subcases
Subcase (i)(b;) Consider the set Dg; = Ds U {up,}, 1 <p <4, r; = 3,4 where the vertex
{upr,}, 1 < p<4,r; =3, 4 belong to the path of G. Without loss of generality, assume that the
verteX up,, = ugy for p = 1, ry = 4. Consider the set Dgq, Where Dg; = Dg U {uy4}, then the
vertex ugz in V —Dg, is an isolate, thus the set Dg; which is of cardinality ke, =y +1 is not a
restrained dominating set. Hence G, is not kg -y, enresdowed.
Subcase (i)(b,) Consider the set Dg; = Ds U {up.}, 1 < p <4,r;=1, where the vertex {u},
1<p<=<4,r;=1 belong to the cycle C,, of G. Assume that p = 2, then the vertex u,, = u,;.
Thus the set Dg; = D5 U {u1}, and V — Dy = {uy4, Uzs, Uzs, Uss, Usg, Upg, Usg, Usg, Ugg, Usg,
uy, } forms the restrained dominating set of Gy, with cardinality k¢, = y_ +1, containing the
minimum restrained dominating set D5 of Gy,. Hence Gy is kg - v, enresdowed.

Consider a set D, of cardinality k; =y_+2, where there exists three subcases.
Subcase (i)(bs) Consider the set D7y = D5 U {up,r;, » Up,ri, b 1 < P1, P2 <4, and 1y, 15, =3,
4, such that p; = p,, rj; # rj; wWhere ry;, rj; # 1. The set Dy, is of cardinality k,, =y +2.
Without loss of generality, assume that the vertices uy, .. =uy3 and up, ., =uq, . Then the set
D71 08 D7y = {uys, Uzs, Ugs, Uys, Ugz, Uzz, Usz, Usg, Ugs, Uga} @aNd V — Doy = {ugy, Ugy, Ugs,
Uy3, Ussz, Ugg, Ugq, Uyqg, Usqg, Ugq b Thus the set D,; forms the restrained dominating set of
cardinality k,; = y_+2, containing the y_set D5 of G,, . Hence Gy, is k7, -y, enresdowed for

any kyy =y, +2.
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Subcase (i)(b,) Consider the set D7, = Ds U {up, ., » Up,r,}» 1 < p1,p2 < 4,andr; = 1y, =1,
such that p; # p, and the vertices u,, . and u,, .., are adjacent. The cardinality of the set D,
is k7, =7y, +2, without loss of generality, assume that the vertex u,, ,, =uyq and up, . = Uy,
then the set D,,, where D,, = Dg U {u;;, Uz}, where V —D,, = {uy,, Usy, Uy, Uz, Uss,
Uy3, Uz, Ugq, Ugg, Uge} fOrms the restrained dominating set of cardinality k,, =y +2 containing
the y_set Ds of G, . Hence Gy, is k7, - v, enresdowed.
Subcase (i)(bs) Consider the set D73 = Ds U {up, v, » Up,ri, b 1 < P1, P2 < 4, and either rj; =1
or ri; = 1. The set D, is of cardinality k;3 =y_+ 2. Without loss of generality, assume that r;,
=1land rj; #1 and the vertices up r,, =uy; and up,., = Up3. Then the set D;3 ={uys, uys,
U3s, Ugs, Ugz, Uzz, Uzz, Ugz, Upg, Uz} and V — Dog = {4 Uzs, Uss, Usg, Uss, Usz, Uy, Uz, Usg,
Uyq }- In the set, V — D3 the vertex u,, is an isolate, thus the set D5 is not a restrained
dominating set. Hence G, is not k-3 - y_ enresdowed.

Proceeding similarly, consider the set Dg of cardinality kg = n — 1, where Dg = D5 U
{U14 ,Uz4, U34, Ugs, Ugz, Ups, Ugz, Uyz, Ugq, Upg, Uz} @nd V —Dg = {uy, }. Thus Dg is not a
restrained dominating set of G, . Hence G, is not kg - y_enresdowed for any kg = n — 1.

Finally, consider the set Dy, where Dy = D5 U (V — Dg) is of cardinality kq = n, which contains
the y_set Ds. Thus Do is a restrained dominating set containing the minimum restrained
dominating set D5 of Gy, . Hence Gy, is ko - v, enresdowed for any kg =n.

Subcase (i)(c) In general, consider the graph G1n1: CyPy,, for n=3,i=2,,8,... . The vertex
set of the cycle C, is {vy, vy, V5 ,...., Vi,....., vy, yand the path be {u;;, u;,,
U1z 5.ees Ugpy seees Ugmy 5 Uzq 5 Uz, U3z yeeesy Upp, seeew, Upm, 5 Uz , U3z, Uzg ,
S | N | P s Uit s Uizseeees UirseeeosUimyseeoos Ungs Un2s Unzs -eves Unp seees Unm h
1<i<n,1<r;<m;, where the vertex u;; = vy, Uy; = Vy,...., Uj; = Vj,..0.., Upy = Vp.
Choose the vertex u,, for the y_ set Dy, then the vertices u,4,u,3 is dominated, also choose the

vertex u;s, then the vertices u;, and u;s are dominated, where the vertices u;5 and u,, are
adjacent in V — D4,. Proceeding similarly, choose the vertex u,,, for the y_set Dy, thus the set

of vertices {u;,, uss, Ug,....., Uym, } belongs to the y_set Do, from the path P, attached to the
vertex vy , similarly the set of wvertices { uz, , Uzs , Uzg ..o, Upm, }
{us2, uzs, Uzg,...., Ugm, Jseeend Uizs Uis, Uigseeess Uimg foeeeeesd Unz—1 5 Uns—15--o- » Unm—1 J»
{Unz, Ups, Upg,-..., Unm, },  belongs to the y_set Dy, from the paths P, P,,....P,.... Py, P,
which are attached to the vertices v,, vs, ...., vj,..., Vn_1,v, Of the cycle C,,. Then the y_set Dy,

is of cardinality ki = vy, where the y set Dyg = { up , Wws , Wg ,....
ulml, u22, u25, ng,...., u2m2, U32, U35, U38,.... 5 U3m3,....., Uiz, Ui5, Uig,...., Uimi, ..... y unz_l,
Ups—1 5-+++» Unmy—15 Un2, Ups, Upg, - 5, Upmy Yand V. — Dyp = {ugg, Wz, Wyg ...

Uim;—1s U21, U23, Uz45--.0 Upm,—1, Uz, U3z, U3gs-eoo 5 Usmg—15---5 Uity Uiz, Ujgs---y Uimy—15----
» Un1—1, Un3—1, Ung—15----»Unm —2+ Un1,s Unz, Ung,.... , Unm —1 }-Thus the set D, forms the
minimum restrained dominating set of G1nl of cardinality k.o, = y,. Hence G1nl IS kqp -V
enresdowed.
Consider the set Dy, of cardinality k., =y + 1, where there exists two subcases.

Subcase (i)(c;) Consider the set Dy;; =D1g U {up}, 1<p<n,r #q + 1, for q =
0,1,4,7,10,.... where the vertex {up.}, belong to the path P, 1 <i <n, of Glnl' Since the
vertex {uy,.} is adjacent only to the vertex up . 4+1) in V —Dyq , thus the vertex upq. 44y is an
isolate in V — D14 1. Therefore Dy, 4 is not a restrained dominating set. Hence G1n1i5 not kqq 4 -

v, enresdowed forany k14 =y, + 1.

r
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Subcase (i)(c;) Consider the set Dy1, =D1g U {upr}, 1 < p <n, r; = 1, then the vertex {uy,. }
belong to the set{u;, uzq, Uzq,....., Uj1,..., Un1 , 1 < i < nof the cycle C,, for n> 3 of Glnl.
Without loss of generality, choose u,,, = uj;, then the set V —D;;, has no isolates since the
vertices in the set {uy1, Uyg, Ugq,eeeenyUjgpereennnnn up; + are adjacent. Thus D4, forms the
restrained dominating set containing the y_set D,o, where D, , is of cardinality ki, =y, +1,
Hence G1n1i3 ki1, - v, enresdowed for any k1, =y, +1.

Consider a set D, , of cardinality k;, =y, + 2, then there exists the following subcases
Subcase (i)(c3) Consider the set D151 = D1g U {up v, » Up,rip b 1 < P1, P2 <1, 13 #q + 1 for
q = 0,1,4,7,10,...., such that p;= p, and rj; # ry,. The set Dy, is of cardinality k,, =y, +2.
Since ry;, 1 # 1, these vertices belong to the path P, 1 <i < nof Glnl' Choose the vertices
Up, ry; » Up,ry, IN SUCHh @ way that they are adjacent in V —D4,. Therefore there exists no isolates
in V —Dy,;. Hence Dy, forms the restrained dominating set of cardinality kq, 4, = v, +2,
containing the y_set D14. Thus G1r11 is k15, - v, enresdowed.

Subcase (i)(c4) Consider the set Dy, = D1g U {Up,ry, » Up,r, 1 1 S P1, P2 <, andryy =1y, =
1, such that p; # p,, where these vertices u,_ .. , up,r, belong to the vertex set of cycle C,, ,
n = 3. The cardinality of the set Dy, is kq5, = v, + 2. Choose the vertices u, .. , up,r,, in such
a way that they are adjacent in V — D,,. Similarly in this case, there exists no isolates in V —
D1, Therefore Dy, , forms the restrained dominating set containing the y_set Dyo. Thus Glnlis
kiz5 - v, enresdowed, for any k;,, =y + 2.

Subcase (i)(cs) Consider the set D153 =D1g U {up,ry, » Up,ri, }» 1 < P1, p2 < nand either rj; =
1 or rj =1, without loss of generality, assume rj; =1, and rj, # 1, then the vertex up .
belongs to the cycle C,, , n = 3 and the vertex u,,,, belongs to the path P, 1 <i <n of Glnl,
where the vertex up, .. is not adjacent with u,,_,,,, also the vertex up_ ., is adjacent only to the
Vertex Up, ., ., in V —Dyo. Thus by choosing the vertex up,_ .., for the set Dy, 5, the vertex
Up, riz4n) is an isolate in V — Dy, 3. Therefore the set Dy, 5 is not a restrained dominating set.
Hence Glnl is not kq, 5 - v, enresdowed, for any k53 =y +2.

Proceeding similarly, consider the set D,5 of cardinality k;3 = n — 1, whereD,;53 =D, U
{ ws ., wsg ooy U1, Uzp , Uz, Uzg 5eee, Upmy-1 » Ugg , Ugz , Usg
e U3mg—15---5 Uity Uizy Uigse - Uimj—15---->Un1-1,Un3-1s Ung4—1, -----sUnm, -2, Un1, Un3,s Ung,----
Unm, -1} and V —Dy3 = {uy, }. Thus the set D5 is not a restrained dominating set of Glnl. Hence
Glnlis not kq3 - v, enresdowed. Finally consider the set D14, where Dy, = D13 U {uy,}, where
D,, forms a restrained dominating set of cardinality k;, = n, where it contains the minimum
restrained dominating set D, of Glnl. Thus G1111 is k14 - v, enresdowed.

Case (ii) Consider any graph G, = C,P;, where C,, n = 3, be the cycle of G, and P, be a path of
G,. Let P =Py 4, fort; =1 andj=0,3,6,9,... then the cycle C, is attached with the paths of
the type P;, Py, Py, Py5,..., then there exists the following subcases

Subcase (ii)(a) Consider a graph G,; = C, P,, where n = 4, t = 3. In particular, G,; = C4 P;, the
vertex set of the cycle C, be {v;, v,, v3, v, } and the vertices of the path P; which are adjacent to
{vy, Vq, v3,Vvs} be {uyq, Uy, U3, Usq, Ugy, Usys, Usq, Usy, Uss, Ugq, Ugo, Ugs b Where the vertices
Ujq, Ugz, Ug3 belong to the path P and the path P is attached to the vertex vy and uy;, uy;, Ups
are the vertices of the path P, which are attached to the vertex v,. Similarly the vertices
uzq, Uz, Uzz belong to the path P, where the path P, is attached to the vertex v; and uyq, uy;,
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uy3 belong to the path P, where the path P, is attached to the vertex v, of C,,, such that the
vertex v4 = uqq, Vo = Uyq , V3 = Uzq, Vg4 = Uy

Choose the vertices u, 1, uy,, uys for the y_set Dy5, then the vertices u,; and uy, which
are adjacent to uy, are dominated, similarly choose the vertices u,3 and u,; for the y_set Dy,
then the vertices u,, and u,, are dominated , choose the vertices u;; and us, which dominates
the vertex v, then the vertices {u,;, u,,, Usq, Uysq, Uy, } are adjacent. Thus the set D;5 IS, Dy =
{u;i1, Uqy, Uz3,Uy3,Us,, Usg, Uys } and the set V — Dis = {uyq, Uyy, Usq, Uysq, Uy, b fOrms the
minimum restrained dominating set of G, with cardinality k5 = ..

Consider a set Dy of cardinality k,c =7y, + 1, then D, = D15 U {up, }, Where 2 < p < 4,

r; = 1, 2, such that up,,, # us,, then the following subcases exists
Subcase (ii)(a;) Consider the set D, = Dy5 U {uy,}, where u,, belong to the path P, of G, ,
then the set V — D41 = {uz1, Uzq, Uyq, g}, Where there exists no isolate vertex in V —Dyg 1.
Thus the set Dy 4 is a restrained dominating set of cardinality k,¢, =y, + 1, which contains the
Y, set Dy5 Of Gy, . Hence Gy, IS kyg- v, enresdowed for any k6, = v, + 1.
Subcase (ii)(a;) Consider the set D4, = Dy5 U {uy;}, Where the vertex u,; belong to the cycle
Cp of G, then the set V — Dy, = {upq, Uz, Uzg, Ugp}, iN Which the vertex uy, is an isolate.
Thus the set Dy, is not a restrained dominating set. Hence Gy, is not k- v, enresdowed for
any kigp =7, +1

Consider the set D;; of cardinality k{7 =vy_+ 2, where Dy; = Dy5 U {up,r;, » Up,r, s
2<p;,pz<4,and rj;,rj; = 1, 2such that up, ,, , Up,r,, # Usz , then the following subcases
exists
Subcase (ii)(a3) Consider the set D;;; = Dy5 U {u,1, up,} and the set V —Dy; 1 isV —Dyyq =
{us1, uyg, uy }, since there exists no isolate vertex in V — Dy;,, the set Dy, forms the
restrained dominating set of cardinality k,;, =y _+ 2, containing the minimum restrained
dominating set D5 0f G5, . Hence Gy, is kq7; - v, enresdowed.
Subcase (ii)(a4) Consider the set D;;, = D;5 U {usq, uys}, thenthe set V —-D,;,isV - Dy, =
{uz1, uzz, uyy }, thus the vertex uy, is not adjacent with any vertex in V — Dy, , so that the
vertex uy; is an isolate in V — Dy ,. Thus the set Dy, , is not a restrained dominating set of G,; .
The cardinality of the set Dy is k7, =y, + 2. Hence Gy, is not kq;, - v, enresdowed.

Proceeding similarly, consider the set D,g4 of cardinality k;g = n — 1, where the set D;g
IS, D1g = D15 U {uyq, Uyy, Uzq, Uy} and the set V —D;g is V — Dyg = {uy, }. Thus the set D;g is
not restrained dominating set and G, is not kqg - v, enresdowed. Finally consider the set D14 Of
cardinality k, = n, where D;9 = D;g U {u4,}, forms the restrained dominating set of cardinality
n, containing the y_set D;5. Hence G,q is kqq - v, enresdowed.
Subcase (ii)(b) Consider the graph G,,= C,P;, n = 3. Without loss of generality, assume that n =
6 for the cycle C,. Then the graph G,, = C¢P; is obtained. The vertex set of the cycle Cq is
{V1! V2, V3, Vy, Vg, Vg } and the path P3 is {u111u121 Uj3, Upq,Up2, Up3, U3g, U3p, Uszz,Ugq, Ugp,
Uy3,Usq, Ugy, Uss, Ugq, Ugz, Ugg }, Where the set of vertices u;;,u;2, uy3 Which belong to the
path P, are attached to the vertex v;=u4, similarly the vertices u,y,u;;, uz3 which belong to
the path P, are attached to the vertex v,= u,,, where the vertices us4, us,, usz, which belong to
the path P, are attached to the vertex v3=u3; and the vertices u,y, uy,, usz Which belong to the
path P, are attached to the vertex v,=u,,. The vertices us;, us;, usz Which belong to the path
P, are attached to the vertex vs = us; and finally the vertices ue,, ug,, ugz Which belong to the
path P, are attached to the vertex v = ug;. Choose the set of all pendant vertices
{ U3, U3, U3z, sz, Us3 ,Ugs } for the v set D, of G, so the vertices
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{ Uy, , Uyy, Usy, Uyy, Usy, Ug, } are dominated.

Now to choose the vertices from the cycle C, for the y_set Dy, choose the vertex u;; €
Cq, then the vertices uy,, u,; , Ug; are dominated, since the vertex u;, is adjacent only to the
vertex uy; and uy3 , uy, becomes an isolate hence also choose the vertex u,, for the y_ set D,
since the vertices u,3; and ue3 are chosen for the y_ set Dy, the vertices u,q, u,; and ug,y, ug, are
adjacent in V — D, . Proceeding similarly, choose the set of all vertices attached to the vertex v,,
thus by choosing the set of vertices u,q, Uy, Usz,U33, Us3, Uez fOr the vy, set Dy, the vertices
Us3q, Uz, and usq, Us,, Ugq, Ugy are adjacent in V — D, . Thus the set D,o={u;q, Uy3, Ug3, Uys,
Usz, Ugp , Ugz, Uss, Usg, Ugz} and the set V — Dy = { uyq, Upy, Usq, Usz, Usy, Usz, Uer, Usz )
forms the y_set of G,, with cardinality k,, = y_. Hence G is ky, - v, enresdowed. Consider the
set D, of cardinality k,; =y, + 1, then these exists following subcases
Subcase (ii)(b;) Consider the set Dy; 1 = D¢ U {upy,}, P =2,3,5,6, 1; = 2, then the vertex {up,, },
belong to the path P, of G,,, without loss of generality, assume that up,. = u,, for p = r;= 2,
then the set V — D, 1 iS{ Upq, U3z1,U3;, Usy, Usy, Ug1,Ugz }, SINCE Uy IS adjacent with usz;and us,
is adjacent with ug,, thus all the other vertices in V — D, ; is also adjacent. Thus the set D, 4
forms the restrained dominating set containing the minimum restrained dominating set of
cardinality k,, , =y, + 1. Hence Gy, is k54 1 - v, enresdowed.
Subcase (ii)(b;) Consider the set D,;, =Dy U {upr. }, p = 2,3,5,6, r; = 1, then the vertex up,.,
belongs to the cycle C,, of G,, . Without loss of generality, assume that uy,,,=us4, then the set V —
Dy, iS {uzq, Uzp, U3z, Usy, Usp, Ugg, Ugz }, then the vertex us, is an isolate in V —D,q,. Thus
the set D, , is not a restrained dominating set and G, is not k,, , - v enresdowed. Consider a
set Dy, of cardinality k,, =y_+ 2 where there exists the following subcases
Subcase (ii)(bs) Consider the set D,; 1= Dyo U {up, 1, » Up,ri, » P1,P2=2,35,6. Such that P, =
P,, rj1=1, rj; # 1. Without loss of generality, assume that u, . = uzq, Up,r, = Uz, then the set
V — Dy, 4 is { uzg, Usp, Usq, Usy, Ugg, Ugz} Which contains the set of adjacent vertices. Thus the
set D,,, forms the restrained dominating set of cardinality k,,; =y .+2 containing the y_set
Dy 0f G,5 . Hence Gy, s ko5 1 - v, enresdowed.
Subcase (ii)(b,) Consider the set Dy, ,= Dy U {up,r, » Up,r;, » Where P, P,=235,6, such
that P, # P,, rj;=rj; = 1. Assume thatu, .. = uyq, and up, ., = uzy, Where uy; and ug, are
adjacent, then the set V — Dy, is { uy;, U3y, Usq, Usy, Ugq, Ugz } Where the vertices u,, and us,
forms the isolates in V — D,, , , thus the set D,,, is not a restrained dominating set . Hence G,
is not k55 , - v, enresdowed.
Subcase (ii)(bs) Consider the set Dy, 3= Dy U {up, ., s Up,r, }» P1, P2 =2,3,56 where P, # P,
and rj;=1, rj; # 1. Without loss of generality, assume that up, r,,= Uzq, and uy, .. = us,, where
the vertices u,, and us, are not adjacent, then the set V — Dy, 3 is { uy,,U31, U3z, Usq, Ugq, Uga}
then the vertices u,, and us, are isolates in V —D,, ;. Hence D, ; does not form a restrained
dominating set. Hence G, is not k,, 5 - v, enresdowed. Proceeding similarly, consider the set
D,; of cardinality k,3 = n — 1, where D3 = Dy¢ U{ uzq, Uyy, U3q, Uzy, Usq, Usy, Ug + and V —
D3 = {ug}. Then D,3 is not a restrained dominating set of G,, . Hence Gy, is not a k,3 -7,
enresdowed. Finally consider the set D,,, where D,, = D,5 U {ug, } is of cardinality k,, = n
which contains the y_set D, . Thus D,, forms a restrained dominating set of cardinality n
containing the minimum restrained dominating set D, of G,, . Hence Gy; is Kk - v,
enresdowed.
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Subcase (ii)(c) In general, consider the graph G,,, = C,P,,, for n =3, where i =3, 6, 9,..... . Let
the vertex set of the cycle C, be {vy, vy,...,v;,...., vs}and vertex set of the path P, fori =3, 6,
9,... be {ulli Uq2, ceveny ulrl,....., ulmli Uzq, Upo,..nen, quZ,......., u2m2, U3z, Uzo,.cuinnyy U3r3,.......,
Uzmgsee oo Uity Uizseeeens Wirgserenes Uimyyeeees Ugty Uszserveny Ugposennnn Usm 1,1 S TS, 1 <13 < my,
where the vertex u;; = vy, Uy = Vy,...... , Ujg = Vipeunnnn , Ug; = V. Choose the vertex u;; = vy,

from the cycle, then the vertices u,,, u,;, ug; are dominated. Similarly choose the vertex u;,
from P, , then the vertices u;3 and u;s are dominated, where the vertex u;, and u,; are
adjacent. Choose the vertex uy, from the path P, , then the vertices u;¢ and u;g are dominated
and where the vertices u;s and u,, are adjacent. Proceeding similarly, choose the vertices
Uim, -2, Uim, -1, and uy, from the path P which is attached to the vertex v;.

Consider the path attached to u,; = v, since the vertex u,,is already dominated by the
vertex u,, in C,, without loss of generality, choose the vertex u,5, such that the vertices u,, and
u,, are dominated and where the vertices u,,; and u,, are adjacent. Proceeding similarly, choose
the vertex u,p,, from the path P, attached to the vertex v,. Choose the vertex u,; = v, from the
cycle, then the vertices uy,, usq, us; are dominated, similarly choose the set of vertices {uy,,
Ug7,. .- Usm,—2, Usm,—1, Usm, } from the path P, which is attached to the vertex v, for the y_
set D,s . Then the vertices {uyy, Uys, Uss, Uges- ..., Usm, -4, Usm,—3} are adjacentin V — D .

Consider the path attached to the vertex us; = v5. Since the vertex us; is already
dominated by u,;, choose the vertex uss, such that us;, us, are adjacent in V — D,5 . Proceeding
similarly, choose the end vertex usp,,. Similarly consider the path attached to the vertex us; =
vs, Where the vertex ug, is already dominated by u,,. Choose the vertex ugs, such that ug,
and us, are adjacent in V — D, . Proceeding similarly, choose the vertex usy, . Thus the y_set

D,c is obtained, where D, = {u;1, Ujs, Uz7, o.onn.... , Ugm,—2 » Ugm, —1, Ugm,» Uz3, Uze, Uzg,....
Uzm,s U3z, Uze ) Uzg,....s Uzmy, Ug1, Ugq » Ug7,....; Ugmy—2 s Uam,—15 Uam,, Us3s Use 5 Usgs...o
Usmg  »-o» Usz +  Ugg , Ugg .oy Ugym } o and Vo — Dyp = { ug ,
Uiz, Uis, Uge)--vos Uimy—4 » Uim -3, U211 Uz2, Uzg, Ups, U7, Uzg,........ > Uzmy—2 » Uzm,—1
U31, U3z, Uzg4, Uzs, Uz7z, Uzg,....; U3my-2 ) Usmy—1, Ua2s Usg3, Uys, Uge, «oo ) Ugmy—4 » Uam,—3, Ust,
Us, Usy Uss, Usy Usg  seeeennn s Usmg—q  seeeees , Ug1 Ug,
, Ugg, Ugs, Ug7, Uggynvnn. ... ,Usm -2 Usm,—1}. Then the setD,sforms a minimum restrained

dominating set of G,,,, with cardinality k,5 =y, . Hence Gap, is ks - v, enresdowed.

Consider the set Dy of cardinality k,s =y, + 1, where there exists the following
subcases.
Subcase (ii)(c;) Consider the set Dy, =Dys U{up,}, 1 <p <sandif p=14,7,..., then r; =
2,3,5,6,...,upmp_s or if p=23,5,6,..., then r; = 4,5,7.8,..., upm,_;, where the vertex {up,.},
belongs to the path P, 1 <i<s of G;,,. Since the vertex up,. is adjacent only to the vertex
Upr+1 1NV —Dys , then there exists an isolates in V — D¢ ; . Therefore D,¢ ; is not a restrained
dominating set of Gy, . Hence Gy, is not k¢4 - v, enresdowed for any kyeq1 =
v, + 1.
Subcase (ii)(c;) Consider the set Dy, =Dys U {up,}, Wherep#q+1,q=0,3,6,9,.....and ;
= 1 then the vertex {u,, }, belongs to the cycle C,, of G, , then there exists a set of vertices for
p = 2,3.5,6,..., and r; = 2,which forms an isolate in V —D,,,. Hence D4, is not a restrained
dominating set of G,,, . Hence G,p, isnot kye, - v, enresdowed for any kg, = v, + 1.
Subcase (ii)(c3) Consider the set D3 = Dys U {up,,}, where p+q+1,9=0,3,6,9,..... and 1j
= 2, then the vertex {u,.} belong to the path P, 1 <i<s of G,,, and the vertex u,, is
adjacent to the vertex up; on the cycle C,,. Choose the vertex uy,., for the set D,4 5, then the set
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V — Dy 3 exists and it is of cardinality kye3 = v, + 1, where the set V — Dy 5 is {uyz, uy3
v U5, Uges ---s Uimy—4 » Uim,—3 » Uz1s Uz4, Ups,Uz7, Uzg,...... > Uzm,-2 » Uzm,—1,U31, U3z
; Uzg, Uzs, U3z, U3zg,--wr Uamg—2 5 Uamg—1seweevwe 5 Us1, Usa, Uss, Usz,  Usgs «eveens
Usm, -2, Usm,—1tthen the vertex u,, is adjacent to usq, similarly the vertex us, is adjacent to
Ugy, and so on. Then there exists no isolates in V — Dy¢3 . Hence D,q3 is a restrained
dominating set containing the minimum restrained dominating set D, of cardinality k,¢5 = v, +
1. Hence G, IS kye 3 - v, enresdowed.

Consider a set D, of cardinality k,, = y_+ 2, then there exists the following subcases
Subcase (ii)(c,) Consider the set Dy7 1 =Dys U {up,r, » Up,r,, }» Where p; =p, andrjq , rjp #
p,foranyp=q+1,riy; # ri;,9=0,3,6,9,.....and p; , p, = 1,4,7, ... ,my, , and forany p # q +
1,9=0,3,69,.... with rj;,r;;=3,6,9, ...., my. Choose the vertices up,r,, , Up,r,, IN SUCh a
way they are adjacent in V — D5, then there exists no isolate vertex in V — D, ; . Hence the set
D,7,, forms a restrained dominating set of cardinality k,,, = y_+ 2, containing the minimum
restrained dominating set D,5 of G, - Thus Gap, IS k37,4 - v, enresdowed.

Subcase (ii)(cs) Consider the set Dy7, = Dys U {up, vy, » Up,r,, }» P1 # P2 and where ry; = 1y, =
1, such that p; ,p,=p, where p#q + 1, q =0, 3,6,9,..... Thus the vertices up .., Up,r,,
belong to the cycle C,. Choose the vertices uy,_ .. , up,r, in such a way they are adjacent in V —
D5, then there exists no isolate vertex in V —D,,,. Thus the set D,,, forms a restrained
dominating set of cardinality k,;, = vy + 2 with ay_set D,5 of G,p, . Hence Gy, is kyy, -y,
enresdowed.

Subcase (ii)(c) Consider the set D,73 = Dys U {up vy, » Up,ri, b P1 = P2 » Where ryy =, # 2,
such that p; , p, = p, wherep#q+1, q=0, 3,6,9,..... andrj; = 1, 1r;,=4,5,7,8,...., then the
vertex u,, r,, belongs to the cycle C,, and up, ., belongs to the path P, 1 < i <s of G,,,, then
there exists isolate vertices in V — D, 3, such that the set D, 3 is not a restrained dominating
set. Hence Gy, IS not kj; 3 -y, enresdowed.

Proceeding similarly, consider the set D,g of cardinality k,g = n - 1,
whereD,g=D,s U{uys, Uss, Use,. ..., Ugm,—4 » Utm, -3, Uz1, Uzz, Uzg, Uzs, Upy, Ugg,....., Uzm, 2
Uzm,-1,U31 » U3z , Uzg , Uzs,U3z7 , Uzg ,....... > Uzmgz-2 » Uzmy-1,U42 » Us3 , Ugs ,
Ugg, v v vy Usm, —4 » Uam, —3,Us1 , Usz , Usg , Uss,Usy , Usg seeeenene > Usmg—1 seevee- , Ugqy, Ugp
, Ugg, Ugs, Ug7, Ugg,enn.... , Usmo—2 » Usm—1} aNd V' — Dyg = {uy, }. Thus the set D,g is not a
restrained dominating set of G,,,, . Hence Gy, is not a k,g - v, enresdowed. Finally consider the
set Dyg, Where the set D,g = Dyg U {uy,} is of cardinality k,9 = n, which contains the y_ set
D5 .Thus D,o forms a restrained dominating set of cardinality n. Hence Gy, is kyq - v
enresdowed.

Case (iii) Consider the graph Gsp, = C4Py,, 1 <i<n, where C,, n =3 be the cycle and P,
1 <i<nbe a path of G3,,. Let P,, = P 44, for t; = 1. The cycle C,,, n = 3 is attached with a
paths of the type P,, P;, Pjy....., then there exists the following subcases

Subcase (iii)(a) Consider the graph G, =C,P,,, 1 <i<n,withn=>=3and P, = Ps 44, fort,
> 1. The vertex set of the cycle C, be {vy, vy,...,vj,...., vp}, 1 <i<n and the path P, be

r

{ull,ulz,....., ulrl,....., u1m1 ,u21,u22 ge ey quz,....., uZmZ,U31,U32,.....,U3r3,....., U3m3, ...... N
Uiz, Ujgseeenes Ujpgseeenes Uimys coeeen s Un1, Upzseeoon Uppsevess Uny 1 1 S TS0, 1 <13 < my, Where
the vertex u;; = vy, Uy =Vo,...... , Ujg = Vi,...... , U1 = v,. Choose the set of vertices u;q, U,q,
U3q, ..., Upg fOT the y_ set D3o Of G3,, , then the set of vertices uy,, uz,, Usz , ..., Uyy Ar€
dominated, similarly choose the set of all vertices uy4, U4, Uzg,...., Upg fOr the y_set D, of

IJTIMES-2019@All rights reserved 1186



International Journal of Technical Innovation in Modern Engineering & Science (IJTIMES)
Volume 5, Issue 04, April-2019, e-ISSN: 2455-2585, Impact Factor: 5.22 (SJIF-2017)

Gsn,, then the set of vertices uy3, uys, uss, ...., uyz are dominated and thus the vertices uy,, u,;,

Uss,...., Upy and Uy 3, Uys, Uss,...., Uyz are adjacent in V — D3o. Proceeding similarly choose the
set of wvertices un; , Upz ..., Upp, e, Upm, ,  then the  set D3y =

{Ui1, Wigsevnnns Uipgsennnnnn , Uim; }1 <1 <n, 1 <r; < m;. Thus the set D3, forms the minimum
restrained dominating set of Gs,, with cardinality k3o =v,. Hence Gz, is k3 - v, enresdowed.

Consider any set D3, of cardinality y +1, then the set D3; = D3 U {up,}, 1 < p <n, 1
#q+1,q9=0,3.6,.... Since each vertex up,. is adjacent only to the vertex up.,qy in V — D3y,
then there exists an isolate in V — D3,. Therefore D5, is not a restrained dominating set. Hence
Gsp, IS NOt k34 -y enresdowed for any kgq =y, + 1.

Consider any set D3, of cardinality y_+ 2, then there exists the following subcases.
Subcase (iii)(a;) Consider the set D3, 1= D3 U{up,r., » Up,ri b 1 < P, P2 <1, Tjq ,Iip #q + 1
for = 0,3,6,... such that p; =p, and rj; # rj,. The set D3, ; is of cardinality ks, = v, + 2.
Choose the vertices up, r,, , Up,r,, IN SUCh a way that they are adjacent in V — D5, and thus there
exists no isolates in V — D3,,;. Thus the set D3,, forms the restrained dominating set of
cardinality ks, = y_+ 2 which contains the y_set D3o. Hence Gs,, is k3,4 - v, enresdowed.
Subcase (iii)(a;) Consider the set D3, , = D3 U{up, ., » Up,r, }r 1 S P1,P2 <0, Tjq i #Qq + 1
for q=0,3,6,...., such that p; # p,. The set D3, , is of cardinality ks,, = y_+ 2. Since p; # p,,
the vertices uy, r,, and u,, .., belongs to two distinct paths which is not adjacent in V — Ds,.
Since by considering any vertex up, .. from V — D, for D3,, where it leaves the vertex
Up, (r;,+1) 8 an isolate in V' — D, ,. Therefore the set D, , is not a restrained dominating set of
G3p,- Hence Gz, is not k3, , -y, enresdowed.

Proceeding similarly, consider the set D35 of cardinality ks;3; = n — 1, which is not a
restrained dominating set of Gsp,. Hence Gsy, is not k33 -y, enresdowed. Finally consider the
set D34, where D3, = D33 U {uy,r,, }, such thatu,, ., does not belong to D33, then the set D,

form a restrained dominating set of cardinality k5, = n, where it contains the minimum restrained
dominating set D3o of Ggp,. Thus Gsp, IS k3, -y, enresdowed. Hence Gsy,, is k - v enresdowed

forany k, where y + [ <k <n,foreven [ >0, exceptfor k=n-1.
Subcase (iii)(b) Consider the graph Gsp, = CyPy, , 1 <i<n,withn=3and P, = Ps 44, fOrt,
> 1. Let D35 be the y_ set of Gs,,. Choose the vertex u,4, for the y_set D35, then in any cycle,
the vertex adjacent to u,;; is u;,, u,q, u,; are dominated, similarly choose the vertex u,,, such
that the vertices u,, and u;5 are dominated and they are adjacent in V — D5z, also choose the
vertex uy,, such that the vertices u;s and u, are adjacent in V — D35. Proceeding similarly,
choose uyp,, for the y, set D35. Consider another path which contains the vertex u,, which is
dominated by u,4, since u,, is dominated , choose u,; and uye for the y_set D35 such that the
vertices u,, ,u,,and u,s are dominated by the vertices u,; and u,e. Similarly choose the
Vertices Uym,—1, Um, fOr the y_set D35. Proceeding similarly, the set D35 forms a minimum
restrained dominating set of cardinality k35 =vy_. Hence Gs,, is k35 - v, enresdowed.
Consider any set D34 of cardinality k3= v +1, since the vertices u;q, usy,.... are chosen
for the y_ set D35, where the vertices u,q, us, are adjacent in V — D35. Thus there exists an
vertices u,q, U,,, uz; Which are adjacent in V — D5c. Then there exists following types of sets.
Subcase (iii)(b,;) Consider the set Dsqq of cardinality k3q; = vy +1, where D3g1 = D35 U
{up,r, }, where u, ., = v;, v; belongs to the cycle C, and does not belong to the set Dss.
Consider any vertices u,1, U,,, uz;, Where if the vertex u,; = v, is considered for the set D3 ,,
where suppose if up, .. = uyq, then the vertices u,, and us, are isolates in V — D3q,. Thus the
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set D361 does not form a restrained dominating set. Hence Gsy,, is Not kse 4 -y, enresdowed.
Subcase (iii)(b;) Consider the set D3¢, = D35 U {up, .., }, where u,, .., belong to the path P, of
Gsp,. Since every vertex u,, .. in P, is adjacent only to u,,(r,,+1) -By choosing the vertex
Up,r;, there exists an isolate vertex up,,+1) i V — Ds3g,. Thus the set Dsq, is not a
restrained dominating set. Hence Gz, is not k3¢, - v, enresdowed for any cardinality ks, =
v+ 10of Ggp,.

Subcase (iii)(b3)

Consider the set D3¢ 5 0f cardinality ks 5=7v +1, where the set D335 = D3 U {up,r.},
where the vertex up, . is adjacent to any vertex v;, such that up_ .= u,,. Since the vertices
U1, Uz, Ugq are adjacent in G,,. By choosing u,, for the set D3, there exists no isolates in V
— Dg3g3. Thus the set Ds4 3 forms the restrained dominating set of Gs,, containing the minimum
restrained dominating set D3s. Hence Gsy, is k33 - v, enresdowed. Proceeding similarly,
consider the set D3, of cardinality k3; = n — 1, which is not a restrained dominating set of G, .
Hence Gz, is not k3, - vy, enresdowed. Finally consider the set D3g of cardinality k35 = n and
Gz, IS k3g - v, enresdowed. Hence Gsp, is Kk -y enresdowed for any k, where y_ < k <n,
except fork=n-1.

REFERENCES

[1] Anders Sune Pedersen, Preben Dahl Vestergaard, The number of independent sets in
unicyclic graphs, Discrete Applied Mathematics, Volume 152, Issues 1-3, 1 November
2005, Pages 246-256.

[2] Belardo, F, Li Marzi, EM, Simi¢, SK: Some results on the index of unicyclic graphs. Linear
Algebra Appl. 416, 1048-1059 (2006).

[3] Berge .C ,Theory of graphs and its applications , Dunod, Paris,1958.

[4] Cvetkovi¢, D, Rowlinson, P: Spectra of unicyclic graphs. Graphs Comb. 3, 7-23 (1987).

[5] Guo, J: On the spectral radii of unicyclic graphs with fixed matching number. Discrete
Math. 308, 6115-6131 (2008).

[6] Hong, Y: On the spectra of unicyclic graphs, J. East China Norm. Univ. Natur. Sci. Ed. 1, pp.
31-34 (1986).

[7] Makhlouf Hadji, Ming Chau, On Unicyclic Graphs Spectra : New Results, DCABES 2016
(15th International Symposium on Distributed Computing and Applications to Business,
Engineering and Science), Aug 2016, Paris, France. IEEE, pp.586-593, 2017.

[8] Simi¢, S: On the largest eigenvalue of unicyclic graphs. Publ. Inst. Math. (Belgr.) 42(56),
pp. 13-19 (1987).

[9] Sumathi.P, Esther Felicia.R, Enresdowed graphs 11, Global Journal of Pure and Applied
Mathematics , Volume 13, Number 1, 2017, pp 229 — 232..

[10] Teresa W.Haynes,Stephen .Hedetniemi,Peter J. Slater, Fundamentals of Domination in
Graphs,Marcel Dekker, INC.New York,1998.

[11] Yu, A, Tian, F: On the spectral radius of unicyclic graphs. MATCH Commun. Math.
Comput. Chem. Pp.51, 97-109 (2004).

IJTIMES-2019@All rights reserved 1188


https://www.sciencedirect.com/science/article/pii/S0166218X05000946#!
https://www.sciencedirect.com/science/article/pii/S0166218X05000946#!
https://www.sciencedirect.com/science/journal/0166218X
https://www.sciencedirect.com/science/journal/0166218X/152/1

