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ABSTRACT: Let G be a graph. The @ — graceful labeling of a graph G(V, E) with ‘m’ vertices and ‘n’ edges is a
injective function f*: V(G) — {0, 1,2, ..., p — 1} such that the induced function f*: E(G) — N is given by

f (g, h) = 2{f(g) + f(h)}, then the resulting edge labels are distinct. In this paper we we investigate some result
@ — graceful labeling of merge graph, bistar graph, friendship graph, C; (graph obtained by adding a pendent edge
for each vertex of the cycleC,,) , C4(A cycle C,, with non-intersecting chords).
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l. Introduction

Graph labeling is the task of labels, where vertices or edges or both are allocating real values field to certain conditions.
We have frequently motivated by their uses in different applied fields and their intrinsic mathematical interest.

The concept of graceful labelling is a useful area of research in graph theory which has lots of application in
communication networks, optimal circuits layer, coding theory and graph domination problems with a dynamic survey of
various graph labeling problems with an immense bibliography, here we refer a Gallian[1].

The following 3- types of problems at observe in the area zone of graph labeling.
(1) How certain labeling is affected in the different operations.
(2) Study of new families of graph which reveal a certain graph labeling.
(3) Consisting a graph theoretic property and represent the classes of graphs with property that reveal a particular
graph labeling.

It is useful to recall following definition from graph theory.
1. BASIC TERMINOLOGY

Definition 1.1([1]): A ¢ —graceful graph is a graph G(V, E) with ‘m’ vertices and ‘n’ edges is a injective function
f*:v(G) = {0,1,2,..,p — 1} such that the induced function f*: E(G) — N is given by f*(g,h) = 2{f(g) + f(h)},
then the resulting edge labels are distinct.

Definition 1.2([4]): A Merge graph G; * G,can be formed from two graphs G, and G, by merging a vertex of G; with a
vertex of G,.

Definition 1.3([4]): A Bistar graph B(m,n) is a graph obtained by attaching m pendent edges to one end point and n
pendent edges to the order point of K.

Definition 1.4([5]): A Friendship graph T, is a planner undirected graph with 2n+1 vertices and 3n edges constructed by
joining n copies of the cycle graph C; with a common vertex.

Definition1.5.([6]): A Let G = (V,E,R,,R;). The vertex set V ={1,2,...... ,n} and the edge set is defined by the
relations Ry and R, such that R;:b=a+1&R,:a+b=n+1,VabeV.If n=0 (mod2) We get cycle C, with
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d = (n — 2)/2 non-intersecting chords and when n = 1(mod2) we get cycle C,, with d = (n — 3)/2 non interesting
chords. The graph is obtained by this relationis C¢, n > 5

11l. CONCEPTS OF ¢ —GRACEFUL LABELING
Theorem-2.1: The Merge graph (C; * K; ,,) is @ — graceful graph.

Proof: Let G be the Merge graph (C3 * Kl,n)- Note that the graph G has an order p = 3 +n and size ¢ = 3 + n. Let
vertex set of graph (Cs x Ky ,) is {o, uy, Uy vy, vy, ..., v}, Where u, is an apex vertex and v;'s are adjacent vertices of
u,. Here u; are the vertices of the cycle as shown in Fig 1. Now we define a function f:V(G) - {0,1,2,...,p — 1} as
follows:

flu)=i;0<i<2

fw)=j+2;1<j<n

Then we get the induced edge function f*: E(G) — N which is given by f*(gh) = 2{f(g) + f(h)} as
frlugw;) = 2i;i=1,2

f*(uivj) = Z(ui + vj);i =21<j<n,

fruuy) =6

From above mentioned edge function, it is clear that all edges are getting distinct edge label. Hence, the Merge

(C3 * Ky ) is @ — graceful graph.

Vq

V2

Vi@

Yo u,

Illustration-2.2: The ¢ —graceful labelling of (C; * Ky5) in fig 2.
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Theorem-2.3: The Bistar graph B(m, n) is @ —graceful graph.

Proof: Let G be the Bistar graph B(m, n) as shown in Fig 3. The graph G has an order p = m + n + 2 and size

q = m +n + 1.Note that the vertex set V(G) = {ug, uy, Uy, ..., Uy, Vo, V1, Vo, ..., U}, Where uq, Uy, ..., U, are pendent
vertices adjacent to u, and v4, v,, ..., 1, are pendent vertices adjacent to v,.We define a function

f:v(G) - {0,1,2,..,p — 1} as follows:

f(ue) =0,f(vy) =1

f(uj)=1+j;1SjSm

f(vj)=m+1+j;1San

Then we get the induced edge function f*: E(G) — N which is given by f*(gh) = 2{f(g) + f(h)} as
fr(uow)=2j+2;1<j<n

fr(vov)) =2(+m+2);1<j<n.

As, m > 1, it’s clear that 2(j + m + 2) > 2j + 2, for 1 < j < n. From above mentioned edge function, it is clear that

all edges are getting distinct edge label. Hence, the Bistar graph B(m, n) is @ —graceful graph.

um.\
[

,

Fig 3: Bistar graph B(m,n)

Illustration-2.4: The @ —graceful labeling of Bistar graph B(6,5) is shown in Fig 4.
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Theorem-2.5: The Friendship graph T, is @ — graceful graph.

Proof: Let G = T,, be a friendship graph as shown in the Fig 5. Let the vertex set V(G) = {v,, vy, v, ..., Vo5, }, Where v,
be the centre of the vertex.Note that |V(G)| = n+ 1 and |E(G)| = 3n. We define a function f: V(G) - {0,1,2, ...,2n}

f(we) =0

f(vyj—1) =5i—2;1<ij<n

f(vy)=5i+1;1<ij<n

Then we get the induced edge function f*: E(G) — N which is given by f*(gh) = 2{f(g) + f(h)} as
frwovy) = 2{f (o) + f(v)}1<i,j < 2n

frivip) =2{f () + f(wi)h1<i<n

from above mentioned edge function, it is clear that all edges are getting distinct edge label. Hence, the Friendship graph

T, is @ — graceful graph.

Vans

Von-2 Von-3
Fig 5: - Friendship graph T,
Illustration-2.6: The @ —graceful labeling of Friendship graph T is shown in Fig 6.
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Theorem-2.7: The graph C,f is @ — graceful graph.

Proof: Let V(G) = {vq4,vy, ..., U, Vns1, -, Van} b€ the vertex set and E(G) = E; U E, U E5 be the edge set
where Ey = {vjvj,1| 1 <j <n},E; = {vjvj4n| 1 <j <n}and E3 = {v,v,} of the graph C,}. Define a
bijection f: V(G) — {1,2,3, ...,2n} such that

Case(i): Whenn = 0 (mod 2)

n
4j-3, 1<j<-—
— 2
fly) = ) n
4(n—j)+3, §+1S]Sn
And
n
f(vn+j): n
4(n—j)+4, E+1Sj§n

Then we get the induced edge function f*: E(G) — N which is given by f*(gh) = 2{f(g) + f(h)} as
Fr(vvisn) = 2{f(v;) + f(vj41)} where 1 <j <n, f*(vjvns;) = 2{f(v;) + f(vny;)} Where 1 <j <n and
f*(wpvy) = 2{f (v,) + f(v,)} . From above mentioned edge function, it is clear that all edges are getting distinct edge

label. Hence, the graph C,f isa @ — graceful graph (n = 0 (mod 2)).

Illustration-2.8(a): The @ —graceful labeling of Cg is shown in Fig 7.

Case(ii): Whenn = 1 (mod 2)

The bijection f: V(G) — {1,2,3, ...,2n} is defined as the following

And
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n+1

4j-2, 1<j<
f(vn+j): n+1
4(n—j) +4, T+1Sj§n

Then we get the induced edge function f*: E(G) — N which is given by f*(gh) = 2{f(g) + f(h)} as
f*(vjvj+1) = Z{f(vj) +f(v]-+1)} wherel <j <n, f*(vjvn+j) = Z{f(vj) + f(vnﬂ-)} where 1 <j <nand
f*(wvy) = 2{f (v,) + f(v,)} . From above mentioned edge function, it is clear that all edges are getting distinct edge

label. Hence, the graph C;7 isa @ — graceful graph (n = 1 (mod 2)).

Illustration-2.8(b): The @ —graceful labeling of C5 is shown in Fig 8.

Theorem-2.9: The graph C%,n > 5 with non-intersecting chords is @ — graceful graph.

Proof :-Let G = {v,, vy, ... ... ... v,} be the vertex set and E = E; UE, U E; be the edge set of the graph C# with non-
intersecting chords. Where E; = {vjvj+1, 1<j< n},E2 = {vj+1vn_j+1, 1<j< g - 1} and E; = {v,,v,}

Define a bijection f:V — {1,2,3, ... ... ... ,m} such that
Case-1:- Whenn = 0 (mod 2)
n
f(vj) = n
2(n—j) +2, E+1Sj$n

Then we get the induced edge function f*: E(G) — N which is given by f*(gh) = 2{f(g) + f(h)} as
fr(vvjsr) = 2{f(v;) + F(vj41)} Where 1 < j < n

F*(Wis1Vn-je1) = 2{f (j41) + f(Vn_j41)} Where 1 < j <~ — 1 and

f*(wvy) = 2{f (v,) + f(v,)} . From above mentioned edge function, it is clear that all edges are getting distinct edge
label. Hence, the graph C& is a @ — graceful graph (n = 0 (mod 2)).
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llustration-2.10(a): The @ —graceful labeling of C3 is shown in Fig 9.

Case-2:- Whenn = 1 (mod 2)
Define a bijection f:V — {1,2,3, ... ... ... ,m} such that

n+1

2j —1, 1<j<

_ 02
f(v]-) - n+1
2(n—j) +2, T+15an
With the edge set E = E; UE, U E;
Where E; = {vjvj+1, 1<j<nlE, = {vj+1vn_j+1, 1<j< nT_l - 1} and E; = {v,v,}
Then we get the induced edge function f*: E(G) — N which is given by f*(gh) = 2{f(g) + f(Rh)} as
f*(v]-v]-H) = Z{f(v]) + f(Vj+1)} Where 1 S] <n

£ (Wpm1Vnmjir) = 2{F (9-1) + f (vajur)} Where 1< j <™= 1and £* (v,v) = 20 () + f (w1}

From above mentioned edge function, it is clear that all edges are getting distinct edge label. Hence, the graph C,‘f is a
@ — graceful graph (n = 1 (mod 2)).

llustration-2.10(b): The @ —graceful labeling of C3 is shown in Fig 10.

IJTIMES-2020@All rights reserved 13



International Journal of Technical Innovation in Modern Engineering & Science (IJTIMES)
Volume 6, Issue 11, November-2020, e-ISSN: 2455-2585, Impact Factor: 5.85 (SJIF-2019)

V. Conclusion.

In this paper we have to show that merge graph, Bistar graph, friendship graph, C;} graph, CZ2 relation graph are
@ — graceful graph.
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