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Abstract : Some unilateral basic hypergeometric functions can be expressed in the form of bilateral basic
hypergeometric functions and infinite products. In this paper, an attempt has been made to establish the results
involving bilateral basic hypergeometric function and infinite products using well known Heine’s transformation
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1. Introduction

In 2014, Bindu Prakash Mishra[2] established certain transformations for unilateral as well as bilateral basic
hypergeometric functions.

In 2017, Akashet.al.[5] established results involving three bilateral basic hypergeometric functions and ratio of
infinite products by using suitable identities and changing the parameters in well known results.

2. Notations

Assuming that |g| <1, where g is hon — zero complex number, this condition ensures that all the infinite
product will converge.

1 ;n=0 }

(@ q)n= {(1 —a)(1—-aq)....(1 —aq™™) s n=1,2. . (21)

Accordingly , we have —
(@ Qo= [I7=0(1 — aq™) (2.2)
Also,

(alv A2, A3 wv v e Ay q)n: (al; q)n' (aZ; q)n' (a3; q)nt ''''''''' ’ (ar; q)n (23)

Some identities involving g-shifted factorials are

(@ Dn+k = (@ Dn(aq”; @)y (2.4)
. _ _ (a@q)n -4 k (k)—nk
(@ Dt = omm— () a2 (25)
Where n is a non-negative integer.

Some standard summation and transformation formulae for the basic hypergeometric series which are used in this
paper

Heine’s transformation of ,¢4Series given by Gasper and Rehman[1]

Yo (a,b;q)n 0 = (c/b, bz;q)e woo  (abz /c, b;q)n (C/b)n 2.6)

(@.c:0n € z0)s "0 (g, bz

IJTIMES-2018@All rights reserved 679



International Journal of Technical Innovation in Modern Engineering & Science (IJTIMES)
Volume 4, Issue 8, August-2018, e-ISSN: 2455-2585, Impact Factor: 5.22 (SJIF-2017)

Slater [3] gave the following result

(@) 1z]<1,]q|<1 2.7)

a,...;q;z)=
1$0( q;2) 1)

q — analog of Euler’s Transformation of ,¢;seriesgiven by Gasper and Rehman[1]

w @h@n n _ (@bz/c; Qo (€/a, c/b;gdn n
_ z" = _ abz/c) (2.8
Lo @COn @ Do Lo @ GDn (abz/c)"(28)

q — Gauss summation formula given by Gasper and Rehman[1]

a8 (cfabye o e
3. Main Results.
i [b:QéZ/Q] :% v [b;qb:ZZ/q] (3.1)
B R B N M [ ‘“q;ﬂjb‘ T34/% 32
[y ] e e B o) @
4. Proof of Main Results.

1. In(2.6), changing b to bg" and c to cq"and then using (2.4) we get

o @Dk b;Dn+k k — (/b, bz;Q)0 xoo  (abZ/c;@)k (b;@)n +k k
_ z)* = _ c/b 4.1.1
Li—o (q;q>k(c:q)n+k() (€ 2:9)e L= (GOkGZ:0)n + (c/b) (4.1.1)

Multiply throughout by (z/q)" and summing over all integers from -oo to +o0 We get

oc 2\ v @Ok BiOntk o Nk— /b, D730)0 oo Z2\" v (@D2 /) (D@D 4k k
_ = _ = _ = R 4.1.2
L= (q) Li=0 @Dk ©Dn+k () (€ 29w = o (q) Li=0 (@DrbZ;q)n+k (c/b) ( )

Shifting the inner indexn—n-k in (4.1.2) and using (2.7) ,(3.1) is obtained

(@9;9) 0 oo b;9)n n = (/b b7:0)0 (@400 o (b;9)n n
@ 2= gy A D" = T e tbriay, 2= = sy P D)

=y

b;q; Z/q] _ /b, bz, 4:0)s [b;q; Z/q]
c (c, z,cq/bz;q)s, 171 bz

11 [
2. In(2.8), changing b to bg" and ¢ to cqg"and then using (2.4) we get

o (@GDkbB;Dn+k k — 0:@n (@b2/69 )0 oo (€/0Dn+k(c/D50)y k
TR () = _ abz/c 4.2.1
Zi=o @ D Gon (@) Lo R RC T /e) (“421)

Multiply throughout by (az/q)" and summing over all integers from -oo to +oo we get
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N GG
Z @/ (@ D (6 D @

n= —owo

_ @bz /c;q0)» voo n_ n v (/GODn+k(c/biq)k k
=—22=2%"_ _(a _ abz/c
;9w L= (a2/) (c/a;q), Lii=0 (@D (CGDn+k (abz/c)

(4.2.2)
Shifting the inner index n— n-k in (4.2.2) and using (2.5) and (2.6) , (3.2) is obtained

@G De O B D
(@/a @) 22 (€ Dn

(az/q)"

(abz /¢;9),, en b;q)n w  (aq'™/ciq),(c/biq)
= Yo D (a7 /)" T e

(0w ©n @Dk (@t /biq),,

(q/a)"

b;q; @z/c, 4/60, ww  B:Dn c/b,aq"™/c ;q; q/a
qCaZ/CI]: abz /c, q /aq Zn=—wic.2;n (az/q)" 2¢1[ q q;q

"1 [ @ z:0)» qg'™/b

3. In(2.6), changing b to bg" and ¢ to cq"and then using (2.4) we get

o (@DkbiPnsk k— (c/b, bz;Q)w oo (abz /¢;Q) ik (b;@)n +k k 431
Zic=o @Dk (€D +1 @) € z:@)w Lic=0 @Dk bz;q)n+k (c/b) (4.3.1)

Multiplying throught by % (az)™ and summing over all integers from -oo to +oo we get

- (4 9), (@ O (@ @) (b Qi
= (Biqn £ (@ D (6 D

(2)"*

- (c/b, bz;q)w oo (4;9)n n oo (abz /c;q) ik (b;q)n +k k 432
@ 2 n=—= gy, (32" Xm0 (/D) (4.3.2)

Shifting the inner index n—n-k in (4.3.2) and using (2.5) and (2.9) , (3.3) is obtained

0

z (4; )0 (b; O (az)" (q"™"/aA, B/A;q),
(B; n(c; O (q*™/A, B/aA;q),,

n=—w

_(c/b, bz;0)e oo (A0 (b;)n n (cq' ™" /aAbz,B/A;q),,
T e e 2= g0 rsam P2 T, cBjadbr )

©

(a/ad, B/4;q), ~ (ad;q)n(b; @)y
(a/A, B/aA;q), £= (B;@)n(c;@n

@"

_ (¢/b, bz;q)y (cq/aAbz,B/A;q),, oo (Aabz /c, b;q)n n
T @ nDs (/A cB/aAbZ;q)wZn=—°° (B, bz;q)n . (c¢/b)

© (a4 ,b;q)n n _ (B/aA, cq/Aabz;q),, (c/b, bz;q)w oo (Aabz /c , b;q)n n
=T (B (2) " (q/aA, cB/aAbZ;q), (¢, Zid)w L= (B, bziq)n - (c/b)

[aA ,b;q ;Z] _ (B/aA, cq/Aabz c/b bz;q),, [M, b
272

B,c - (q/aA, cB/aAbZ , c, zq), 2 2 BC’ bz 04 C/b]
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5. Special Cases

i. Replacing z by c/ab in (3.1) we obtain

b;q; c/abq] _ GauD= b;q; c/abq
l'Ul [ c ] B (Uriiiq)oc 1W1 C/a

ab’a

1

ii. Replacing z by c/b in (3.2) we obtain

biq; ca/bq] _ (0a/a0y v (i c/b,aq’™"/c;q; q/a
l//l[ q Cca/ q] _ (a.,q/a;q an_m( 9) (ac/bq)n 2¢1[

1 T @ c/bi)w ©Pn ql—n/b

iii. Replacing z by c/ab in (3.3) we obtain

aA,b;q;c/ab] _ (B/aA, q/A, c/b, c/a;q), [A,b;q;c/b
272 B,c (a/ad, B/A, ¢ mq) 22 B,c/a
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